We propose a scheme for probing the structure of vibrating molecules with photoelectrons generated from ultrashort soft-x-ray pulses. As an example we analyze below-100-eV photoelectrons liberated from the S(2p) orbital of vibrating SF 6 molecules to image very small structural changes of molecular vibration. In particular, photoionization cross sections and photoelectron angular distributions (PAD) at nonequilibrium geometries can be retrieved accurately with photoelectrons near the shape resonance at 13 eV. This is achieved with a pump-probe scheme, in which the symmetric stretch mode is first Raman excited predominantly by a relatively short laser pulse and then later probed at different time delays by a few-femtosecond soft-x-ray pulse with photon energy near 200 eV.
I. INTRODUCTION
Imaging the internal molecular structures has always been one of grand challenges in physics, chemistry, and biology. Most of our knowledge on molecular structure has so far been derived from x-ray and electron diffraction measurements. With the advent of ultrashort intense lasers [1] and x-ray free electron lasers (XFELs) [2] [3] [4] [5] , ultrafast imaging with femtosecond temporal resolution and sub-Ångström spatial resolution is becoming a very active research area with the promise of providing a "molecular movie" of the dynamics of a chemical process. Apart from the more traditional approaches based on x-ray diffraction [2, 6] and ultrafast electron diffraction (UED) [7] , methods based on the recollision phenomena with intense driving lasers have been proposed and successfully tested on simple molecules. We mention here high-order harmonic-generation (HHG) spectroscopy [8] [9] [10] [11] [12] and laser-induced electron diffraction (LIED) [9, [13] [14] [15] [16] [17] [18] . Time-resolved photoelectron spectroscopy (TRPES) and time-resolved molecular-frame photoelectron angular distribution (TRMFPAD) measurements proposed recently [19, 20] are capable of imaging valence-electron dynamics and atom motion during a chemical reaction. In this approach, the temporal resolution is limited to about hundreds of femtoseconds, owing mostly to the vacuum ultraviolet (VUV) laser pulse duration used in the experiments.
Since x-ray diffraction suffers from weak elastic scattering cross sections, to take advantage of the currently available and future short extreme ultraviolet (XUV) or x-ray pulses, different schemes have been proposed for gas-phase molecules which rely on photoelectron diffraction [21] [22] [23] [24] [25] [26] [27] [28] [29] . In contrast to the TRPES method that probes valence electrons, photoelectron diffraction with localized inner-shell electrons is capable of directly imaging atomic positions. In Ref. [23] , multiple scattering theory was used to fit to experimental photoelectron diffraction images to extract bond lengths and bond angles for small oriented molecules. It has been shown that the method can be extended to laser-aligned molecules [30, 31] . In Ref. [32] , C-C bond length was retrieved from experimental "double-slit" interference pattern by photoelectrons resulting from ionizing inner shell C(2s) in simple hydrocarbons. So far, most of these works have been limited to static targets.
In this paper we propose a scheme of applying short (subfemtosecond to few-femtosecond) soft-x-ray pulses for inner-shell photoelectron spectroscopy to follow fast dynamics of the nuclear wave packet and to extract photoionization cross sections for molecules away from equilibrium geometries. Although imaging with photoelectron diffraction works in principle with a broad range of energy, we choose to illustrate the method near a shape resonance, where the photoelectron signal is significantly enhanced. As is well known, shape resonances in photoionization (or photoabsorption) are caused by temporary trapping of the photoelectron by a dynamical angular-momentum barrier [33] during its emission. Usually it can also be thought of as an electron making a transition to an unoccupied valence molecular orbital embedded in the continuum that later decays to release the photoelectron. Shape resonances are thus expected to be very sensitive to atomic positions in molecules.
To be specific, we demonstrate the method by probing small-amplitude vibrations in SF 6 in real time. SF 6 was chosen because it is known to have very pronounced shape resonances for transition from S(2p) to 2t 2g and 4e g at photon energy near 185 and 195 eV, respectively [34, 35] -the ionization energy from S(2p) is 180.67 eV [36] . Similar shape resonances exist for valence electrons, but they are significantly less pronounced [37, 38] . The schematic of energy levels of relevant molecular orbitals (MO) is shown in Fig. 1(a) .
Briefly, the present method is based on the Raman pumpsoft-x-ray-probe scheme, illustrated schematically in Fig. 1(b ). An SF 6 molecule is first Raman excited predominantly to the symmetric stretch mode by a relatively weak and short infrared laser pulse. Its nuclear dynamics is later probed at different time delays by a short (subfemtosecond to few-femtosecond) soft-x-ray pulse. By analyzing photoelectron signals from S(2p) for fixed photoelectron energies as a function of time delay, we extract time-dependent nuclear wave packet and photoionization cross sections at positions away from the equilibrium geometry. The photon energy is carefully chosen to be near 200 eV, such that photoelectron from S(2p) have relatively small kinetic energies and well-separated energetically from other channels. During its emission, a low-energy photoelectron spends longer time in the vicinity of the surrounding atoms and thus is more influenced by their precise positions. Although the technique should be applicable for a wide range of photoelectron energy, we show that it is most efficient for the photoelectrons near the 4e g shape resonance at 13 eV, where the photoionization cross section is most sensitive to the nuclear geometry. Since S(2p) orbital (or more precisely, 2t 1u ) is nearly unchanged during the vibration, these photoelectrons, in essence, probe the changes in the resonance state 4e g in real time.
The rest of this paper is organized as follows: In Sec. II, we briefly describe the theoretical method, namely, the simulation of vibrational Raman excitation and calculation of photoionization cross section (PICS) and photoelectron angular distribution (PAD). The main results are presented in Sec. III, where we analyze the behavior of the photoelectron signal vs pump-probe delay time. The theoretical predictions demonstrate qualitative differences in the spectra that can be tested with future experiments. The differences encode information of photoionization cross sections as a function of the S-F bond length. We further show how the photoionization cross section and nuclear wave packets can be retrieved from those data. Finally, we finish our paper with a summary and outlook in Sec. IV.
II. THEORETICAL METHOD

A. Vibrational Raman excitation
Raman excitation of SF 6 by short Ti:sapphire laser pulses (with wavelength near 800 nm) has been studied before (see, for example, Refs. [39, 40] ). It was shown [39] that, with a typical laser intensity of 5 × 10 13 W/cm 2 and pulse duration of 30 fs, the symmetric stretch mode (A 1g at 775 cm −1 , to be denoted in the following also as ν 1 ) is dominantly populated while the two other Raman-active modes (E g at 643 cm −1 and T 2g at 525 cm −1 , to be denoted as ν 1 and ν 5 , respectively) are about an order of magnitude weaker. In this paper we therefore consider only the effect of the symmetric stretch mode, in which S-F bond length R changes with time during SF 6 vibration. To simulate the effect of the Raman pump pulse on the molecule, we follow Refs. [40, 41] . Briefly, when a molecule is exposed to a Raman pump pulse, the nuclear wave function χ (q,t) satisfies the time-dependent Schrödinger equation
Here, q is the normal coordinate for the symmetric stretch mode, μ is the reduced mass, U (q) is the potential-energy surface, α is the polarizability tensor, and E i is the component of the electric field of the laser pulse along the i axis. The polarizability tensor is calculated from the Gaussian 03 code [42] , within the Hartree-Fock approximation with an augmented correlation-consistent polarized valence triplezeta (aug-cc-pVTZ) basis set. We have also checked that density functional methods give somewhat different values for polarizability (up to about 20%). Nevertheless, ∂α ij /∂q remains quite stable and the results for vibrational wave packet are quite similar. The potential energy is approximated by a harmonic oscillator, which should be adequate for smallamplitude vibration considered in this paper. A pump with intensity of 5 × 10 13 W/cm 2 , wavelength of 790 nm, and pulse duration of 13 fs is used. With such a pump, ionization is insignificant (ionization potential of SF 6 is 15.7 eV). We also expect that the molecule remains in the ground electronic state.
By solving Eq. (1) numerically, we found that the population in ν 1 = 0 and 1 states are about 85% and 14%, respectively, quite comparable with Wagner et al. [39] . The calculated nuclear wave packet distributions at different time delays, before the pump, at the end of the pump, and 36 fs after the pump, are shown in Fig. 2 . The peak position of the wave packet changes only slightly; less than about ±0.1 a.u. from the equilibrium distance at R = 2.9 a.u. We will show below that this small-amplitude vibration can be "imaged" with our method. We remark that the vibrational period is about 43 fs, consistent with the known vibrational period for SF 6 symmetric stretch mode. Increasing the pump-pulse duration to about 30 fs does not change our results significantly.
B. Theoretical calculation of photoelectron signals
Photoionization from S(2p) by a soft-x-ray probe pulse can be modeled by standard molecular photoionization theory. Briefly, the differential photoionization cross section for a transition from an initial state i to a final state written as follows:
where n is the direction of the pulse polarization, k is the momentum of the ejected photoelectron, k 2 /2 + I p = ω with I p being the ionization potential, ω is the photon energy, and c is the speed of light. In this paper we use ePolyScat package [43, 44] to compute Eq. (2) . Note that we neglect spin-orbit coupling in our calculations. The initial molecular wave function is calculated by using the Gaussian 03 code [42] within the Hartree-Fock approximation with an augmented correlation-consistent polarized valence triple-zeta (aug-ccpVTZ) basis set. At equilibrium the structure of SF 6 has O h point group symmetry, with the S-F bond length of 1.536Å.
We present in Fig. 3 (a) the total (integrated) photoionization cross section (PICS) vs energy and S-F bond length from 2t 1u molecular orbital [to be referred to as S(2p) in the followingsee Fig. 1(a) ] obtained with the ePolyScat package [43, 44] with photon energy near 185-205 eV, slightly above the S(2p) threshold. The shape resonance can be seen clearly in this range of nuclear vibration. To have a more quantitative idea, we show in Fig. 3(b) the PICS for a molecule at the equilibrium geometry. The PICS shows a strong shape resonance for a photoelectron near 13 eV. The position of this peak agrees well with experimental data [34] and has been identified as 4e g . The peak would be reduced when averaging over the ground-state nuclear distribution is taken into account, which brings the calculated PICS to a better agreement with Ferrett et al. [34] . We show in Fig. 3(b) the effect of this averaging for the vibrational ground state of the symmetric stretch mode (with ν 1 = 0).
It is well known from molecular photoionization theory that shape resonance is typically quite sensitive to the surrounding atomic environment which influences the potential that the photoelectron experiences during its emission from an inner shell. This is confirmed by our calculated PICS for different photoelectron energies as a function of R, as shown in Fig. 3(a) . At a more quantitative level, the PICS is also shown in Fig. 3(c) for a few energies as a function of S-F bond length. Indeed, the PICS at photoelectron energy of 13 eV drops very fast within the range of the nuclear wave packet (see also Fig. 2 ). The peak of the PICS already moves beyond the range of nuclear wave packet for photoelectron only a few eV away from 13 eV. It is this sensitivity of PICS (and PAD, in general) that allows us to image small changes in nuclear wave packets during SF 6 vibration. At 30 eV, the shape resonance becomes very weak. Similar sensitivity for the PAD will be analyzed separately in Sec. III B. Since the molecular geometry changes only within a small parameter space near the equilibrium during its vibration after Raman excitation, it is more advantageous to probe it with photoelectrons with energies below about 30 eV 063419-3 when the PICS experiences strong variation with respect to the S-F bond length.
Theoretically, total photoelectron signal ionized from S(2p) at a particular energy E and probed at a time delay τ after the pump pulse can be modeled as
Here, ρ(R,τ ) is the nuclear wave packet and σ (E,R) is the total PICS at a fixed S-F bond length R. The above equation was written within the Chase adiabatic approximation [45] under the assumption that nuclei are frozen during the probe pulse. For a finite x-ray pulse with a duration of a few femtoseconds considered in this paper, a convolution over the photon spectral bandwidth is also carried out. A similar formula can also be applied for any given photoelectron emission direction. A few remarks on the temporal scales involved are in order. Naturally we want to have a probe-pulse duration much shorter than the vibration period of the nuclear wave packet. In our case, we choose the probe pulse duration (full width at half maximum, or FWHM) of the order of about 1 fs, much smaller than the vibration period of the symmetric stretch mode (43 fs). With this choice, the nuclei will be frozen during the probe. The resonance width is about 1.5 eV for the whole range of S-F bond length during the nuclear vibration, see Fig. 3 . Thus the resonance lifetime is estimated to be about 0.44 fs. The changes in nuclear positions during this decay time are negligible such that Eq. (3) is applicable.
III. RESULTS AND DISCUSSION
A. Analysis of photoelectron vs pump-probe delay time
Total PICS signal vs time delay is shown in Figs. 4(a)-4(d) , for a few energies near the 4e g shape resonance at 13 eV. Here the signals have been normalized to that from unexcited ensemble (i.e., without the Raman pump pulse). For reference, we also show the averaged R (denoted as R , right vertical axis) vs time delay. First, we focus on the case with a photoelectron of 13 eV, probed with a 1 fs pulse (FWHM), shown in Fig. 4(a) . Interestingly, the normalized photoelectron signal shows a strong modulation with a period of about 21 fs, which is half of the period of the symmetric stretch mode. This can also be seen by comparing with R(τ ) curve. This behavior can be explained based on shape of the PICS at 13 eV and the wave packet shown in Figs. 3(b) and 2, respectively, in combination with Eq. (3). Indeed, during its vibration after the pump pulse, the wave packet probes both sides of the peak near R = 2.9 a.u. Note also that this peak is nearly symmetric with respect to R = 2.9 a.u. In particular, the wave packet passes through the peak of the PICS twice during a vibrational period. The peak-to-peak modulation amplitude is about 30%, which should be experimentally measurable. Changing the soft-x-ray-pulse duration to 2 fs does not change the results significantly; see the blue curve in Fig. 4(a) .
In contrast, the case of 11 eV is totally different; see Fig. 4(b) . Here, the modulation follows closely R(τ ) with the same period as the vibration period of symmetric stretch mode (43 fs). Again, this behavior reflects the dependence of the PICS vs R at this energy, which is probed by the nuclear wave packet. As can be seen from Figs. 2 and 3(c), the nuclear wave packet can mostly probe only one side of resonance shape (with R < 3 a.u.), where PICS increases monotonically with R. This correlation leads to in-phase modulation as compared to R(τ ) . Also, since the probe spans only on one side of the shape resonance, the peak-to-peak modulation is much larger than that of the 13 eV case. At 16 eV, the photoelectron signal in Fig. 4(c) shows an out-of-phase modulation with respect to R(τ ) . This is due to the fact that, in this case, the shape resonance is mostly probed with R > 2.8 a.u., for which the PICS decreases monotonically as a function of R. The modulation amplitude is also quite comparable to that of the 11 eV case, as can be expected. Note that, even at 30 eV, when the PICS does not show a clear peak within the range of accessible R, the modulation amplitude is still about 10%, see Fig. 4(d) . Again, for this energy, the PICS slightly increases with R for the accessible range of the nuclear vibration, which results in the in-phase modulation as compared to R(τ ) , although the modulation is much weaker than for the 11 eV case. Note that we did not perform averaging over the other vibration modes, which poses a great computational challenge at present.
We remark that probing the symmetric stretch mode in SF 6 can also be done, in principle, by measuring photoabsorption cross section with similar few-femtosecond soft-x-ray sources with photon energies near 200 eV. This is in the spirit of the near edge x-ray absorption fine structure (NEXAFS). Our method has access to more detailed information since, by detecting photoelectrons, different channels can be energetically separated.
B. Analysis of photoelectron angular distribution
To be specific, we analyze here the behavior of the PAD at photoelectron energy of 13 eV. Let us first focus on the molecular-frame photoelectron angular distribution (MFPAD). We show in Figs. 5(a)-5(c) the MFPAD for different S-F bond lengths of 2.8, 2.9, and 3.0 a.u., respectively. Here, the x-ray polarization is along z axis, which coincides with one of the S-F bonds. Clearly, the MFPAD changes quickly in both magnitude and shape with SF bond length near equilibrium. In particular, the lobe along the z axis appears to be quite pronounced for R = 2.8 and 2.9. a.u. but nearly disappears for R = 3.0 a.u. The lobe near {θ,φ} = {90
• ,45
• } and those obtained by rotation of 90
• , 180
• , and 270
• about the z axis are much more pronounced at R = 2.9 a.u. than the other lobes, whereas the lobes are more comparable at the other values of R. We remark in passing that the analysis of the resonant state of the continuum electron has been reported in Refs. [35, 38] . Although the MFPAD is not accessible experimentally for our target, we expect similar sensitivity near a shape resonance for other targets as well, for which the MFPAD or recoil-frame PAD (RFPAD) might be measurable. Furthermore, our results indicate that the sensitivity of the PAD with respect to the change in molecular geometry might survive in the laboratory-frame measurements, especially when target molecules are aligned.
By the same token we also expect that PAD vs delay time, especially from aligned molecules, provides much richer information than the PICS, which was discussed in the previous section. For the case of SF 6 (which is a spherical top molecule), the PAD dependence on photoelectron emission direction is quite weak; see Fig. 5(d) for a comparison between emission parallel and perpendicular to the x-ray polarization. It would be of interest in the future to explore the case of, say, symmetric top molecules which can be laser aligned [31, 46] .
C. Extraction of photoionization cross section
The results the the previous section prompt us to propose a simple method to extract PICS vs R from photoelectron signal vs time delay. In the absence of actual experimental data, in the following we will treat the photoelectron signals in Fig. 4 as "experimental" data S expt (E,τ ). To simulate the effect of statistical error in experiments, we further add random errors up to about 10% to our data [see blue dots in Fig. 4(c) for the case of 16 eV]. We assume that the nuclear wave packet ρ(R,τ ) is known from some theoretical calculation. For a fixed energy, in order to retrieve the PICS as a function of R, we model it by a Lorentzian form as follows:
with B 0 , A, C, and R 0 as four parameters. Under such assumptions, we can calculate theoretical photoelectron yield S theor (E,τ ) using Eq. (3). By fitting theoretical results with "experimental" data S expt (E,τ ), we identify the parameters for the best fit. In this work, we use the least-square fitting for each fixed energy as
such that the minimum in χ gives the best fit. The results of this procedure are shown in Fig. 6 for different photoelectron energies. The retrieved PICS indeed agree well with the ePolyScat results for all cases. Note that the PICS can only be retrieved for the range of R where the nuclear wave packet is non-negligible during the vibration. This results clearly indicate that PICS, and more generally PAD, at nonequilibrium geometries can be accessible from experimental measurements.
D. Extraction of nuclear wave packet
If the PAD can be calculated theoretically with sufficient accuracy and efficiency for a target with fixed geometry, the retrieval of bond lengths and bond angles from experimental data can be carried out. That has been demonstrated recently for static targets, for example, in Ref. [23] . In their retrieval procedure the multiple-scattering theory was used to fit to experimental PAD for relatively low photoelectron energy below about 200 eV. Similarly, Wang et al. [31] showed theoretically that bond lengths and bond angles can be retrieved by using relatively-high-energy PAD from laseraligned molecules, with photoelectron holography theory. In those examples, the nuclei are assumed to be at fixed positions (i.e., without any distribution).
Here we show that we can extract the nuclear wave packet during its evolution in real time after the Raman excitation. Again, we treat results of Fig. 4 with the addition of random errors up to 10% as "experimental" data. We now further assume that PICS can be calculated theoretically with a sufficiently good precision for a fixed geometry near equilibrium. The unknown nuclear wave packet is modeled by a Gaussian form as
In Eq. (6), parameters A, C, and R 0 vary as functions of time delay τ . We can then calculate the photoelectron signal by using Eq. (3) and compare with "experimental" signals to find the best fit. At each time delay τ , the least-square fitting is used as
The result of this procedure is shown in Fig. 7(a) , which agrees well with the nuclear wave packet obtained from numerical solution of the time-dependent Schrödinger equation, shown in Fig. 7(b) .
IV. SUMMARY AND OUTLOOK
In conclusion, we have shown, by using the example of vibrating SF 6 probed by a short x-ray pulse, that photoelectron signals contain sufficient information to allow us to extract target molecular structure and/or the dynamic changes in the nuclear wave packets in real time. Although we assumed that only a single vibration mode is available, inclusion of additional vibration modes should be straightforward. Our method utilizes the sensitivity of the photoelectron signals with respect to the changes in the surrounding atomic position relative to the inner-shell where the electron is emitted. As such, the method is more suitable for low-energy photoelectrons.
Our method should also be applicable for probing largeamplitude vibrations, which can be Raman excited in targets with relatively shallow potential-energy surfaces (PESs) near their equilibrium geometry (see, for example, Refs. [12, 41] ). To probe a broader range of R, one can increase the intensity of the pump laser. However, one cannot increase the laser intensity too much because it leads to excessive multiphoton ionization of the molecules. The emitted electron might potentially contaminate the photoelectron signals, especially at low energies. To avoid this issue, one can use a pump-pump scheme with a optimized delay between the two pump pulses. Such a scheme has been proposed before; for example, in Refs. [47] [48] [49] , where it is used to enhance molecular alignment and orientation. Furthermore, it should be possible to extend the method to the case when the target is prepared in electronically excited states, in particular dissociating or predissociating states, in which the nuclear wave packet experiences significant dynamical changes.
We remark that Wagner et al. [39] have shown that small-amplitude vibrations in SF 6 can be followed by HHG spectroscopy. In essence, photorecombination (time-reversed of photoionization) is embedded in HHG signals. Nevertheless, care must be taken to disentangle it from other steps in HHG [50] .
While it is true that current attosecond sources are limited by the energy range and photon counts, we anticipate the situation to change in the near future thanks to the rapid progress in laser and XFEL technologies that we have witnessed recently [51] [52] [53] . Indeed, recent progress in HHG using mid-infrared driving lasers has pushed the photon energy up to a few-keV region [54] , while attosecond pulses in the soft x-ray up to 0.5 keV have been reported using a transient phase-matching mechanism [55] . Recent development in laser sources with high repetition rates of hundreds of kHz [56, 57] as well as improved phase matching with waveguide setup will likely increase the HHG yields further in the near future. The x-ray pulses with duration down to a few femtoseconds are also becoming available at XFEL facilities such as LCLS (at Stanford) [3] , SACLA (Japan) [4, 5] , and FLASH (Hamburg), depending on the photon energy range. The Extreme Light Infrastructure Attosecond Light Pulse Source (ELI-ALPS) in Szeged, Hungary, is currently under construction, with the promise of providing an ultrashort light source with a broad range of energy (see, for example, Ref.
[58]).
